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E-mail address: alberto.taliercio@polimi.it (A. TalieSome special problems for axisymmetric solids made of linearly elastic orthotropic micropolar material
with central symmetry are dealt with. The ﬁrst one is a hollow circular cylinder of unlimited length, sub-
jected to internal and external uniform pressure. The second one is a hollow or solid circular cylinder of
ﬁnite length, subjected to a relative rotation of the bases about its axis. In both cases, one of the axes of
elastic symmetry is parallel to the cylinder axis; the other two are arbitrarily oriented in the plane of any
cross-section of the solid. The elastic properties are invariant along the cylinder axis. It is shown that the
two problems are governed by formally similar sets of ordinary differential equations in the kinematic
ﬁelds (in-plane displacements and microrotations). In the general case, numerical solutions are derived.
The solution for the cylinder subjected to radial pressure does not signiﬁcantly differ from that obtained
in classical elasticity, at least in terms of radial and hoop force stresses. In the case of a cylinder subjected
to torsion the difference between the micropolar and the classical solutions is more pronounced. The tor-
que induces twisting couple stresses about the cylinder axis of variable sign. Finally, size effects in terms
of torsional inertia are pointed out.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
‘Classical’ solid mechanics, based on the Cauchy–Boltzmann
continuum model, may be inadequate to describe the behaviour
of elements formed by materials endowed with an internal struc-
ture, as in the case of porous materials (Lakes, 1986), composite
materials (Dendievel et al., 1998), layered solids, biological (Fatemi
et al., 2003) or cellular materials (e.g., foams – Diebels and Steeb,
2002), block structures (Masiani and Trovalusci, 1996), granular
or cracked media (Pagano and Sih, 1968). Also, account of the
microstructure must be taken when the stress gradients induced
by external loads involve regions of a size comparable with that
of the microstructure itself. In these cases the micropolar (or Coss-
erat) model (Eringen, 1966, 1999) can be employed, which actually
involves an ‘internal length’ related with the material microstruc-
ture. The problem of identifying the elastic constants of micropolar
materials was addressed e.g. by Gauthier and Jahsman (1975).
In the last decades, several authors have addressed the study of
2D or 3D solids made of micropolar materials (Smith, 1967; Banks
and Sokolowski, 1968; Nowacki and Glockner, 1980). Special atten-
tion has received the study of cylinders subjected to torsion, e.g.,
by Smith (1970), Reddy and Venkatasubramanian (1976), who de-
rived expressions for the microdisplacement and microrotation
ﬁelds in St. Venant’s solids, and Iesan (1971, 1976); this studyll rights reserved.
fax: +39 02 23 99 42 20.
rcio).was later extended by Iesan and Nappa (1994), De Cicco and Nappa
(1997) and Scalia (2000) to solids in microstretch materials sub-
jected to torsion and bending. Closed-form solutions are available
in this case. Semi-analytical solutions were obtained for solids of
square cross-section in torsion (Park and Lakes, 1987). The general
solution of linear elastic problems for micropolar solids was sought
by Neuber (1966), where some remarks on the stress concentration
problem around a circular hole is also addressed. Stress concentra-
tion effects in micropolar elasticity have been also dealt with by
several authors (Kaloni and Ariman, 1966; Mehandjieva and Mar-
kov, 1987; Kishida et al., 1990; Radi, 2008), who pointed out the
great inﬂuence of the material internal length on the stress concen-
tration factors.
Most of the works quoted above deal with isotropic materials.
On the other hand, materials such as ﬁber-reinforced composites
or brick masonry do possess elastic symmetry planes, so that their
macroscopic response is effectively captured using orthotropic
models. Also in the ﬁeld of biomechanics, numerical evidences ex-
ist suggesting that the cancellous bone is macroscopically matched
by an anisotropic Cosserat solid (Fatemi et al., 2003). The available
literature on anisotropic micropolar media is not so wide (see e.g.
Nakamura et al., 1984) and is mainly attributable to Iesan and his
co-workers. In particular, Iesan (1974, 1978, 2008) dealt with the
solution of the Saint–Venant’s and the Almansi–Michell’s problems
for micropolar elastic cylinders displaying arbitrary anisotropy in
the plane of the cross-section. The method formulated in Iesan
(1978, 2008) is based on the preliminary solution of four special
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clude in his papers any worked out example in the case of aniso-
tropic material behaviour. The case of composite elastic
cylinders, with inhomogeneous cross-section made of different
anisotropic materials, was addressed by Chirita (1981) extending
the study done by Iesan and Chirita(1979) for composite cylinders
made of isotropic micropolar materials.
This paper deals with the stress analysis of 3D solids made of
orthotropic micropolar materials with axisymmetric geometry,
subjected to particular boundary conditions: a prismatic bar of cir-
cular section in torsion and a hollow circular cylinder subjected to
internal and external pressure. Both problems are a special case of
the Almansi–Michell’s problem tackled by Iesan. Instead of follow-
ing the Iesan’s approach, which can be applied to arbitrary anisot-
ropy of the material in the plane of the cross-section, a direct
displacement approach is followed, which takes advantage of the
particular geometrical and material symmetries considered in the
present work (see Section 2). Special attention is paid to the deri-
vation of numerical solutions, which are not available in Iesan’s
papers.
In the continuation of the paper, ﬁrst the governing equation for
any orthotropic micropolar continuum are reviewed and special-
ized to axisymmetric stress and strain ﬁelds (Section 2). Then,
the two problems quoted above are addresses in Section 3 (cylin-
der in pressure) and Section 4 (cylinder in torsion). The governing
equations of both problems are numerically integrated, and a para-
metric investigation is carried out to point out the effect of the dif-
ferent material parameters on the solution. Finally, the results
obtained are critically discussed and future perspectives of this re-
search are outlined (Section 5).2. Problem formulation
Consider a circular cylinder, either solid or hollow; let X be the
domain occupied by the solid. Let Ri be the inner radius (=0 for a
solid cylinder) and Re the outer radius; the length of the cylinder
may either be inﬁnite or ﬁnite, but in any case much greater than
Re (Fig. 1a). The cylinder consists of a linear elastic orthotropic
micropolar material with central symmetry: one of the directions
of material symmetry is parallel to the cylinder axis (z); the other
two are arbitrarily rotated about z in any cross-section of the solid
of an arbitrary angle, which is constant across the cylinder thick-
ness (Fig. 1b); this point is further speciﬁed later. All the cylinder
sections have the same mechanical properties. Body forces and
inelastic stresses/strains are neglected. On the lateral surface of
the solid, boundary tractions are prescribed. The projections ofo
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r
θ
y
x
ϕ
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Fig. 1. Orthotropic cylinder: (a) geometry and (b) orientation of the material
symmetry axes in any cross-sectionany couple of cross-sections onto a plane orthogonal to the cylin-
der axis are supposed to rotate each other of a prescribed angle.
This is a special case of the so-called Almansi–Michell’s problem
(see e.g. Iesan, 2008), with boundary tractions on the lateral sur-
face, and possible body forces, independent of the axial coordinate.
2.1. Governing equations
The Iesan’s approach for the solution of the Almansi–Michell
problem (and the Saint–Venant’s problem) for inhomogeneous
anisotropic materials provides for the preliminary solution of four
special problems of generalized plane strain, with ‘loads’ depend-
ing on the material elastic properties (Iesan, 1978). This method
is obviously applicable also to the case analyzed here of a cylinder
constituted by a homogeneous orthotropic material. The simpliﬁed
assumptions made regarding the geometry and the anisotropy of
the solid allow the solution to be sought using a direct displace-
ment approach similar to that used in Iesan (1971, 1974), rather
than solving the four generalized plane strain problems governing
the general case.
Leaving the boundary conditions aside, the governing equations
for the problem stated above to be fulﬁlled in X are:
 Equilibrium equations:
rij;i ¼ 0; mij;i þ 2jhkrhk ¼ 0 ði; j ¼ 1;2;3Þ; ð1Þ
where rij are force stresses and mij are couple stresses. Explicitly, in
cylindrical coordinates ðr; h; zÞ these equations read:
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ð2Þ
 Compatibility equations:
ij ¼ uj;i  2ijk/k vij ¼ /j;i ði; j ¼ 1;2;3Þ; ð3Þ
where ij are micropolar strains, vij microcurvatures, uj displace-
ments and /j microrotations. In cylindrical coordinates these equa-
tions explicitly read:
rr ¼ ouror ; hh ¼
1
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ð4Þ
 Constitutive equations:
rij ¼ Aijhkhk; mij ¼ Bijhkvhk ði; j; h; k ¼ 1;2;3Þ; ð5Þ
where the fourth-order elasticity tensors A and B are endowed with
the major symmetry Aijhk ¼ Ahkij; Bijhk ¼ Bhkij. In the case of orthotro-
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dent coefﬁcients. In the case of isotropic solids, each elasticity ten-
sor is deﬁned by three independent elastic constants; in this case, in
any Cartesian reference frame the elastic coefﬁcients can be ex-
pressed as:Aijhk ¼ kdijdhkþldikdjhþðlþjÞdihdjk; Bijhk ¼adijdhkþbdikdjhþcdihdjk;
ð6Þwhere dij is the Kronecker symbol.
Gathering the physical stress and strain components in cylindri-
cal coordinates into arrays as follows: ¼ rr ; hh; zz; rh; hr; hz; zh; zr ; rz½ T ;
r ¼ rrr;rhh;rzz;rrh;rhr ;rhz;rzh;rzr;rrz½ T ;
v ¼ vrr ;vhh;vzz;vrh;vhr;vhz;vzh;vzr ;vrz
 T
;
m ¼ mrr ;mhh;mzz;mrh;mhr ;mhz;mzh;mzr;mrz½ T ;the constitutive equations can be cast in the formr ¼ A; m ¼ Bv; ð7Þwhere, according to the cylindrical anisotropy of the problem:A ¼
A11 A12 A13 A14 A15 0 0 0 0
A22 A23 A24 A25 0 0 0 0
A33 A34 A35 0 0 0 0
A44 A45 0 0 0 0
A55 0 0 0 0
A66 A67 A68 A69
A77 A78 A79
A88 A89
symm: A99
266666666666666664
377777777777777775
ð8Þand B is of the same form as A. Note that the coefﬁcients Aij; Bij are
constant throughout the body in cylindrical coordinates. The orien-
tation of one of the symmetry axes of the elasticity tensor A respect
to the cylinder radius will be indicated by u (Fig. 1b). In the refer-
ence frame of its symmetry axes, the matrix representation of
A is:bA ¼
bA11 bA12 bA13 0 0 0 0 0 0bA22 bA23 0 0 0 0 0 0bA33 0 0 0 0 0 0bA44 bA45 0 0 0 0bA55 0 0 0 0bA66 bA67 0 0bA77 0 0bA88 bA89
symm: bA99
26666666666666666664
37777777777777777775
: ð9ÞThe same applies to tensor B in the reference frame of its symmetry
axes, one of which is rotated of an angle uþ Du respect to the cyl-
inder radius (Fig. 1b).
The isotropic case is recovered ifbA11 ¼ bA22 ¼ bA33 ¼ kþ 2lþ j;bA12 ¼ bA23 ¼ bA31 ¼ k; bA45 ¼ bA67 ¼ bA89 ¼ l;bA44 ¼ bA55 ¼ bA66 ¼ bA77 ¼ bA88 ¼ bA99 ¼ lþ j;bB11 ¼ bB22 ¼ bB33 ¼ aþ bþ c;bB12 ¼ bB23 ¼ bB31 ¼ a; bB45 ¼ bB67 ¼ bB89 ¼ b;bB44 ¼ bB55 ¼ bB66 ¼ bB77 ¼ bB88 ¼ bB99 ¼ c:
The relationship between A and bA can be expressed as
A ¼ qT bAq, where, setting c ¼ cosu; s ¼ sinu:
q ¼
c2 s2 0 cs cs 0 0 0 0
s2 c2 0 cs cs 0 0 0 0
0 0 1 0 0 0 0 0 0
cs cs 0 c2 s2 0 0 0 0
cs cs 0 s2 c2 0 0 0 0
0 0 0 0 0 c 0 0 s
0 0 0 0 0 0 c s 0
0 0 0 0 0 0 s c 0
0 0 0 0 0 s 0 0 c
266666666666666664
377777777777777775
: ð10Þ
A formally similar transformation law rotates bB to B, of an angle
uþ Du. Unless explicitly stated, in the continuation of the paper
the two elasticity tensors A and B are supposed to share the same
symmetry axes (i.e. Du ¼ 0): in this case, it is possible to talk about
‘material symmetry axes’ without any ambiguity.
2.2. Axisymmetric stress and strain ﬁelds
Assume now that the stress ﬁeld in the solid depends only on
the radial coordinate r : r ¼ rðrÞ;m ¼ mðrÞ.
The equilibrium conditions (2) reduce to
drrr
dr
þ rrr  rhh
r
¼ 0; drrh
dr
þ rhr þ rrh
r
¼ 0;
drrz
dr
þ rrz
r
¼ 0; dmrr
dr
þmrr mhh
r
þ rhz  rzh ¼ 0;
dmrh
dr
þmhr þmrh
r
þ rzr  rrz ¼ 0;
dmrz
dr
þmrz
r
þ rrh  rhr ¼ 0: ð11Þ
The lateral surfaces of the cylinder ðr ¼ Re and r ¼ Ri; if Ri > 0Þ
will be assumed to be traction-free, except for the radial stress rrr ,
which may equate a non-vanishing internal and/or external pres-
sure. Thus, the boundary conditions for Eq. (11) read
rrrðRiÞ¼pi; rrrðReÞ¼pe; rrz¼rrh¼mrz¼mrr¼mrh¼0at r¼Ri;Re:
ð12Þ
As rrz ¼ 0 on the boundary of the cylinder, the third of Eq. (11)
shows that rrz must vanish anywhere. Similarly, manipulating the
second and the last of Eq. (11), one gets dðmrz þ rrrhÞ=dr ¼ 0, which
impliesmrz ¼ rrrh throughout the cylinder since bothmrz and rrh
vanish on the boundary.
Also the micropolar strain and microcurvature ﬁelds depend
only on r, thanks to the constitutive law (5) and to the assumed
cylindrical anisotropy of the solid:  ¼ ðrÞ; v ¼ vðrÞ. As an addi-
tional assumption, neglecting rigid body motions, let the displace-
ment and microrotation ﬁelds in the cylinder be of the form:
ur ¼ uðrÞ; uh ¼ vðrÞ þ htrz; uz ¼ htWðrÞ; /r ¼ htUðrÞ;
/h ¼ htHðrÞ; /z ¼ /ðrÞ þ htz; ð13Þ
where ht is a given constant. u, v, /,U,H,W are unknown functions
of the radial coordinate r; the latter function describes the warping
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any couple of cylinder cross-sections remains ﬁxed, although rela-
tive rotations about the cylinder axis are allowed. The micropolar
strains and microcurvatures associated to these kinematic ﬁelds
through Eq. (4) read:
rr ¼ dudr ; hh ¼
u
r
; zz ¼ 0;
rh ¼ dvdr  /; hr ¼ 
v
r
þ /;
hz ¼ htU; zh ¼ htðr þUÞ; zr ¼ htH;
rz ¼ ht dWdr þH
 
;
vrr ¼ ht
dU
dr
; vhh ¼ ht
U
r
; vzz ¼ ht ; vrh ¼ ht
dH
dr
;
vhr ¼ ht
H
r
; vrz ¼
d/
dr
; vhz ¼ vzh ¼ vzr ¼ 0:
ð14Þ
Exploiting Eq. (7), the condition rrz  0 gives
dW
dr
¼ ðA69  A79ÞUðrÞ þ ðA89  A99ÞHðrÞ  A79r
A99
: ð15Þ
Replacing Eq. (14) together with Eq. (15) in the non-identically ful-
ﬁlled equilibrium equations (11) and (12), one gets a system of or-
dinary differential equations shown in Appendix A (see Eqs. (40)
and (41)), together with the relevant boundary conditions (see
Eqs. (48) and (50)).
For further developments, it is expedient to re-formulate the
problem in terms of non-dimensional quantities. A normalized ra-
dial coordinate, q ¼ r=Re, is introduced, varying between
qi  Ri=ReðP 0Þ and 1 across the cylinder thickness. The elasticities
Aij, with i; j ¼ 1; . . . ;5, are normalized to the ‘axial stiffness’ bA11, set-
ting aij ¼ Aij=bA11, whereas the coefﬁcients Aij deﬁned in Appendix A
(see Eq. (47)) are normalized to the ‘shear modulus’ bA77, setting
aij ¼ Aij=bA77 ði; j ¼ 6;7;8Þ. The elasticities Bij, with i; j ¼ 1; . . . ;5,
are normalized to l2bA77, where l represents a material internal
length, setting bij ¼ Bij=ðl2bA77Þ. The ‘bending stiffness’ B99 is ex-
pressed as B99 ¼ l2bbA11; lb being another material internal length. Fi-
nally, both internal lengths are normalized to the external cylinder
radius, setting k ¼ l=Re and kb ¼ lb=Re.θt
(a)
θt
Fig. 2. (a) Hollow and (b) solid cylinders subjected to a torque; (cTaking all the normalizations deﬁned above into account, and
using from here onwards a prime to denote derivation respect to
q, the solving systems of ODE’s (40) and (41) can be cast in the
non-dimensional form:
a1y001ðqÞq2 þ a1 þ b1ðqÞ
 
y01ðqÞqþ c1ðqÞy1ðqÞ ¼ 0; ð16Þ
a2y002ðqÞq2 þ a2 þ b2
 
y01ðqÞqþ c2ðqÞy2ðqÞ þ dðqÞ ¼ 0; ð17Þ
where y1 ¼ ½u=Re;v=Re;/T , y2 ¼ ½U=Re;H=ReT , and
a1 ¼
a11 a14 0
a14 a44 0
0 0 k2b
264
375; a2 ¼ b11 b14
b14 b44
 	
; ð18Þ
b1ðqÞ ¼
0 ða15 þ a24Þ ða14 þ a15Þq
a15 þ a24 0 ða44 þ a45Þq
ða14  a15Þq ða44  a45Þq 0
264
375;
b2 ¼ ðb15 þ b24Þ
0 1
1 0
 	
; ð19Þ
c1 ¼
a22 a25 ða14 þ a15 þ a24  a25Þq
a25 a55 ða44 þ a55Þq
ða24  a25Þq ða45 þ a55Þq ða44 þ 2a45  a55Þq2
264
375;
ð20Þ
c2 ¼
½b22 þ ða66  2a67 þ a77Þðq=kÞ2 b25 þ ða78  a68Þðq=kÞ2
symm: ðb55 þ a88ðq=kÞ2Þ
" #
;
ð21Þ
d ¼ q b13  b23 þ ða

67  a77Þðq=kÞ2
b34 þ b35 þ a78ðq=kÞ2
" #
: ð22Þ
In non-dimensional form, the boundary conditions (48) and (50),
respectively, read:
a1y01ðqiÞ þ 1ðqiÞy1ðqiÞ ¼ f1i; a1y01ð1Þ þ e1ð1Þy1ð1Þ ¼ f1e; ð23Þ
and
a2y02ðqiÞ þ 2ðqiÞy2ðqiÞ ¼ f2; a2y02ð1Þ þ 2ð1Þy2ð1Þ ¼ f2; ð24Þpi
pe
(b) ( )C
) cylinder subjected to internal and external radial pressure.
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a12 a15 ða14 þ a15Þq
a24 a45 ða44 þ a45Þq
0 0 0
264
375; 2ðqÞ ¼ 1q b12 b15b24 b45
 	
:
ð25Þ
The ODE systems (16) and (17), together with the boundary
conditions (23) and (24), allow the unknown functions
uðrÞ; vðrÞ; /ðrÞ; UðrÞ and HðrÞ to be determined. The remaining
unknown function W can be obtained by integrating Eq. (15) with
a suitable boundary condition.
Two problems are considered in the following Sections, whose
solutions correspond to special solutions of the ODE systems (16)
and (17):
 a cylinder of unlimited length subjected to uniform pressure pe
on the outer surface and to uniform pressure pi on the inner sur-
face (if Ri > 0) – Fig. 2c;
 a cylinder of ﬁnite length subjected to a relative rotation of the
bases about its axis – Fig. 2a and b.0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Fig. 3. Cylinder subjected to external pressure; sensitivity analysis of the radial stress t
solid (classical elasticity).In the next two sections, numerical solutions will be obtained
for both problems by integrating the relevant ODE systems with
the help of a commercial program (MatlabTM).3. Cylinder subjected to uniform internal and external pressure
The cylinder of unlimited length shown in Fig. 2c is supposed to
be subjected to uniform radial internal and external pressure on its
surface. In this case, the problem symmetry suggests that, neglect-
ing rigid body motions, the kinematic solution is of the form:
ur ¼ uðrÞ; uh ¼ vðrÞ; /z ¼ /ðrÞ; uz ¼ /r ¼ /h ¼ 0: ð26Þ
Accordingly, the only non-vanishing micropolar strains and micro-
curvatures are
rr ¼ dudr ; hh ¼
u
r
; rh ¼ dvdr  /; hr ¼ 
v
r
þ /; vrz ¼
d/
dr
:
ð27Þ
The stress ﬁeld associated with this kinematic solution according to
Eq. (7) is:0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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 = 1.75 Cauchy
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o the material parameter a^22. Thicker lines: micropolar solid; thinner lines: Cauchy
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rhh
rzz
rrh
rhr
26666664
37777775 ¼
A11 A12 A14 A15
A12 A22 A24 A25
A13 A23 A34 A35
A14 A24 A44 A45
A15 A25 A45 A55
26666664
37777775
rr
hh
rh
hr
26664
37775; ð28Þ
½mhz;mzh;mzr ;mrz ¼ ½B69;B79; B89;B99vrz; ð29Þ
the remaining force and couple stresses vanish.
The unknown displacement and microrotation functions
ðuðrÞ;vðrÞ;/ðrÞÞ can be obtained by integrating Eq. (16), with the
boundary conditions (23).
Note that the proposed kinematic solution identically fulﬁls the
remaining boundary conditions that should be ensured on the lat-
eral surface of the cylinder (see Eq. (12)).
If the material is isotropic, it is quite easy to show that the stress
ﬁeld in the cylinder is the same as for Cauchy materials in ‘classi-
cal’ elasticity. If bA44 ¼ bA55 ¼ bA45 the solution is that of an orthotro-
pic Cauchy solid, in which the displacement ﬁeld reads
uðrÞ ¼ u1rk þ u2rk; vðrÞ ¼ v1rk þ v2rk þ v0r; ð30Þ
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Fig. 4. Cylinder subjected to external pressure; sensitivity analysis of the radial stress to
solid (classical elasticity).k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A22A44  A224
A11A44  A214
s
;
u1 ¼ A44ðR
kþ1
e pe  Rkþ1i piÞ
ðR2ke  R2ki Þ A14A24  A12A44  kðA11A44  A214Þ
  ;
v1 ¼ A24 þ kA14A44ð1 kÞ u1;
u2 ¼ A44ðReRiÞ
kþ1ðRk1e pi  Rk1i peÞ
ðR2ke  R2ki ÞðA14A24  A12A44 þ kðA11A44  A214ÞÞ
;
v2 ¼ A24  kA14A44ð1þ kÞ u2;
ð31Þ
where v0 is an inessential constant. The ensuing stress ﬁeld can be
computed according to Eqs. (27)–(29) and can also be found in
Lekhnitskii (1963), par. 39. In particular:
rCauchyrr ðrÞ ¼ 
peR
kþ1
e  piRkþ1i
 
rk1 þ piRk1e  peRk1i
 
RiRe=rð Þkþ1
R2ke  R2ki
:
ð32Þ
The same solution applies also to orthotropic micropolar solids
if the material symmetry axes are radial and tangential (e.g. if
u ¼ 0). In this case, as A14 ¼ A24 ¼ 0, Eqs. (30) and (31) show that
vðrÞ vanishes but for a rigid body motion.0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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with the b.c.s (23), has to be sought. In the numerical applications
illustrated below, for the sake of simplicity the cylinder is sup-
posed to be subjected only to external pressure ðpi ¼ 0Þ. The inter-
nal radius Ri ¼ 0:1Re (thick cylinder). The normalized elasticities0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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hoop stress rhh, (d) the couple stress mrz and (e) the asymmetric force stress rrh  rhr ta^ij ði; j ¼ 1; . . . ;5Þ are individually varied respect to the reference
values a^22 ¼ 0:5; a^12 ¼ 0:25; a^44 ¼ 0:5. The remaining shear mod-
uli are always assumed to fulﬁl the relationships a^55 ¼ ð8=10Þa^44;
a^45 ¼ ð9=10Þa^44. Also, the effect of a change in the normalized
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Table 1
Reference values for the elastic constants employed in analyzing the cylinder subjected to a torque.
a^66 a^67 a^88 a^89 a^99 b^11 b^12 b^13 b^22 b^23 b^33 b^44 b^45 b^55
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Fig. 7. Cylinder subjected to torsion ðu ¼ 0Þ; sensitivity analysis of the shear stress
rzh to the internal length k. Black dotted line: Cauchy solid (classical elasticity).
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dial stress rrr , normalized to the external pressure pe, across the
cylinder thickness. For comparison, also the solution for a Cauchy
solid, computed according to Eq. (32), is reported: the equivalent
shear modulus for the comparison Cauchy solid is deﬁned asbACauchy44 ¼ bA44 þ 2bA45 þ bA55 .4.
Fig. 3 shows the inﬂuence of the parameter a^22 on the solution,
for three different orientations of the material symmetry axes to
the radial coordinate (u = 0, 22.5 and 45). As anticipated, at
u ¼ 0 the solution coincides with that of a Cauchy solid (Fig. 3a);
the difference between the two continuum models, however, is
negligible at any orientation. Similarly to Cauchy solids, the sensi-
tivity to a change in a^22 decreases approaching u = 45 (Fig. 3c).
The sensitivity of the solution to the elasticities a^12 and a^44
turns out to be much more limited; again, also the difference re-
spect to the Cauchy solution is negligible.
Fig. 4 shows the inﬂuence of the material internal length lb on
the solution, for three different orientations of the material sym-
metry axes (u = 22.5, 45 and 67.5). The difference between
micropolar and Cauchy solid is imperceptible in all cases, indicat-
ing that for the problem being considered the inﬂuence of the
microrotations and the microcouples on the response in terms of
radial stresses is negligible, for any material internal length.
Finally, it is worth noting that the solution is similar to that of
a Cauchy solid also in terms of hoop stress and radial displace-
ments: this is shown in Fig. 5a and b for a material with kb ¼ 1
and different values of a^22, at u = 22.5. The tangential displace-
ment, on the contrary, is quite different according to the two
material models (Fig. 5c). Also, there is an important microscopic
‘in-plane bending moment’ mrz (Fig. 5d), which is matched by
highly asymmetric shear stresses rrh and rhr (Fig. 5e). This does
not occur if kb is small, as shown in Fig. 6a and b for kb ¼ 0:01:
the shear stresses are nearly symmetric, except for a boundary
layer near the lateral surfaces of the cylinder, and the couple
stress mrz is negligible.4. Cylinder subjected to torsion
Consider now the cylinder of ﬁnite length L, shown in Fig. 2a
and b, subjected to a relative rotation of its bases ðLhtÞ about its
axis. Basically, the cylinder is loaded at the bases by a system of
boundary tractions and couples equivalent to a torqueMt . The con-
stant ht is the twist angle per unit length. As the solid has axisym-
metric anisotropy, neglecting end effects it seems reasonable to
propose kinematic ﬁelds of the form:
ur ¼0; uh¼ htrz; uz ¼ htWðrÞ; /r ¼ htUðrÞ; /h¼ htHðrÞ; /z ¼ htz;
ð33Þ
which is basically the solution formulated by Iesan (1971) or Pota-
penko et al. (2006) in the isotropic case. Here,WðrÞ has the meaning
of warping function, and UðrÞ;HðrÞ are additional unknown func-
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Fig. 8. Cylinder subjected to torsion; sensitivity analysis of the shear stress rzh to the material parameter a^99. u = 22.5. Thicker lines: micropolar solid; thinner lines: Cauchy
solid (classical elasticity).
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matic solution are
hz ¼ htUðrÞ; zh ¼ htðUðrÞ þ rÞ;
rz ¼ htðHðrÞ þ dWdr Þ; zr ¼ htHðrÞ;vrr ¼ ht
dU
dr
;
vhh ¼ ht
UðrÞ
r
; vzz ¼ ht ; vrh ¼ ht
dH
dr
; vhr ¼ ht
HðrÞ
r
: ð34Þ
According to Eq. (7), and recalling that rrz ¼ 0, the nonvanishing
stress components are given by:rhz
rzh
rzr
264
375 ¼ A

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
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
68
A77 A

78
symm: A88
264
375 hzzh
zr
264
375; ð35Þ
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26666664
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Fig. 10. Cylinder subjected to torsion; sensitivity analysis of the shear stress rzh to the m
solid (classical elasticity).The unknown microrotation functions ðUðrÞ;HðrÞÞ can be ob-
tained by integrating Eq. (17) with the boundary conditions (24).
For a solid cylinder of radius R, Eq. (24) have to be replaced by
a2y02ð1Þ þ e2ð1Þy2ð1Þ ¼ f 2; y2ð0Þ ¼ 0; ; ð37Þ
the latter condition deriving from symmetry considerations.
The proposed kinematic solution identically fulﬁls the remain-
ing boundary conditions that should be ensured on the lateral sur-
face of the cylinder (see Eq. (12)).
Once y2 ¼ fU=Re;H=RegT has been computed,W can be obtained
integrating Eq. (15); the inessential constant of integration,W0, can
be determined by imposing that the average warping of any sec-
tion vanishes:
R
AWðrÞdA ¼ 0.
The relationship between the torque Mt and the corresponding
twist angle per unit length, ht , is expressed by Mt ¼ Mð1Þt þMð2Þt ,
with
Mð1Þt ¼
Z
A
rzhðhtÞr dA; Mð2Þt ¼
Z
A
mzzðhtÞdA: ð38Þ
If the material is isotropic, the solution obtained by Iesan (1971)
for micropolar solids can be recovered.
If the material is orthotropic, and the in-plane material symme-
try axes are radial and tangential (e.g. u ¼ 0), it can be immedi-0 0.2 0.4 0.6 0.8 1
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is found to be a linear combination of (modiﬁed) Bessel functions
of the ﬁrst kind: thus, it must vanish according to the boundary
conditions mrhðReÞ ¼ 0 and mrhðRiÞ ¼ 0 (or Hð0Þ ¼ 0). According to
Eq. (15), in this case the warping function WðrÞ vanishes (but for
inessential constant). In classical anisotropic elasticity, the kine-
matic solution is
WðrÞ ¼ 1
4
A79
A99
R2e þ R2i  2r2
 
; ht ¼ MtIp
A99
A77A99  A279
ð39Þ
with Ip ¼ pðR4e  R4i Þ=2. The only nonvanishing stress component is
rzh ¼ Mtr=Ip, similarly to the case of isotropic Cauchy materials.
In the general case, the ODE system (17) with the b.c.s (24) or
(37) must be integrated numerically. In the numerical applications
illustrated below, a solid cylinder is considered (i.e. Ri ¼ 0;Re  R).
In the applications the non-dimensional material parameters
a^ij; i; j ¼ 1; . . . ;9, and b^ij; i; j ¼ 1; . . . ;5, are individually varied re-
spect to the reference values listed in Table 1. Also the sensitivity
of the solution to the normalized internal length, k ¼ l=R, is inves-
tigated. The problem solution is shown in terms of plots of the
shear stress rzh, along any cylinder radius. For comparison, also
the linear plots of the Cauchy stress rzh are reported; the equiva-
lent shear moduli for the comparison orthotropic Cauchy solid0 0.2 0.4 0.6 0.8 1
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Fig. 11. Cylinder subjected to torsion, great internal length ðk ¼ 1Þ. Sensitivity analyare deﬁned as bACauchy77 ¼ bA66 þ 2bA67 þ bA77 .4, bACauchy99 ¼ bA88þ
2bA89 þ bA99Þ=4.
Fig. 7 shows the inﬂuence of the (normalized) internal length
on the shear stress rzh at u = 0. Note that as k decreases the
micropolar solution tends to become linear in r, similarly to
the Cauchy solution, but with a different slope, as a consequence
of the difference in the shear moduli of the two solids. In Fig. 8
the inﬂuence of the (normalized) out-of-plane shear stiffness a^99
on the solution is shown, for three different values of the mate-
rial internal length (k = 0.01, 0.1 and 1); the orientation of the
material symmetry axes to the radial coordinate is assumed to
be u = 22.5. Whereas the solution is nearly linear in r for small
k values (Fig. 8a and b), similarly to Cauchy solids, it becomes
sensibly nonlinear as k increases (Fig. 8c). For a given angle of
twist, the Cauchy stress mostly overestimates that computed in
the companion micropolar solid at small k values; the opposite
applies as k increases. Similar remarks apply to the inﬂuence
of the (normalized) in-plane shear stiffness a^66, which is illus-
trated in Fig. 9: the sensitivity of the shear stress rzh to this
parameter is higher than the sensitivity to a^99.
The sensitivity to the (normalized) elastic coefﬁcients b^ij was
found to be negligible if k is small; thus, only the results pertinent
to the biggest internal length considered ðk ¼ 1Þ are presented.
Fig. 10a–c shows the inﬂuence of the elasticities b^11; b^22 and b^44,0 0.2 0.4 0.6 0.8 1
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sis of the couple-stresses and the microrotations to the material parameter a^66.
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computed according to the Cauchy model mostly underestimates
that computed according to the micropolar model, for a given twist
angle per unit length. The sensitivity to the ‘bending stiffness’ b^44 is
negligible.
It is also worth illustrating the distribution of some couple
stresses and microrotations, typical of the micropolar model em-
ployed, across the cylinder radius. Fig. 11a and b shows the plots
of the ‘micro-torques’mrr and mzz, respectively, for different values
of the parameter a^66, assuming u = 22.5. The existence of impor-
tant couple stresses mrr indicates a strong asymmetry in the shear
stresses rzh and rhz. Also note that the couple stressmzz changes in
sign across the radius, contrary to intuition. The microrotation
about any tangential axis (H – Fig. 11d) is smaller than that about
any radial axis (U – Fig. 11c) of an order of magnitude.
In Fig. 12 the (normalized) warping functionW is plotted across
the cylinder radius, for different orientations u of the symmetry0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-0.2
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
0.2
ρ
gnipra
w
Ψ
noitcnuf
]
m
m[
π/4
π/2
π/8
- π/8
- π/4
- π/2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-0.04
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
0.04
0.05
ρ
gnipra
w
Ψ
noitcnuf
]
m
m[
π/8
π/4
- π/4
π/2
- π/8
0 - π
2
2
Fig. 12. Orthotropic cylinder subjected to torsion: waxes of A to the radius. Fig. 12a refers to the case where the elas-
ticity tensors A and B share the same symmetry axes; Fig. 12b to
the case where the two tensors are not collinear, and their symme-
try axes form an axes Du of p=8. In Fig. 12a, note that the curvature
ofW can change in sign as u changes: this occurs also in orthotro-
pic Cauchy solids, where the sign of the curvature ofW depends on
that of the elasticity A79 (see Eq. (39)). Fig. 12b shows that the cur-
vature ofW can change in sign across the radius, for a given orien-
tation u.
The effect of the orientation of the symmetry axes u on the
rigidity J ¼ Mt=ht is illustrated in Fig. 13 for materials with (a) col-
linear or (b) non-collinear elasticity tensors. In micropolar elastic-
ity the torsional rigidity consists of two parts: the ﬁrst one is
associated with the shear stresses rzh and is given by
Jð1Þ ¼ Mð1Þt =ht; the other one is associated with the couple stresses
mzz, and is given by J
ð2Þ ¼ Mð2Þt =ht (see Eq. (38)). As shown in
Fig. 13, the dependence of the two parts on the angle of orthotropy0.8 0.9 1
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Fig. 13. Orthotropic cylinder subjected to torsion: rigidity versus angle of orthotropy. (a) Du ¼ 0 and (b) Du ¼ p=8.
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if the two elasticity tensors, A and B, share the same symmetry
axes (Fig. 13a). Different ‘non-trivial’ exrema exist if the two ten-
sors are not collinear (Fig. 13b).
Finally, it is instructive to illustrate the size effects arising in
cylindrical rods in torsion made of a micropolar material. Similarly
to the results derived by Park and Lakes (1987) or Anderson and
Lakes (1994), size effects can be appreciated plotting the rigidity
J, divided by the diameter of the cylinder squared, versus the diam-
eter squared. Fig. 14 shows such plot for an isotropic cylinder (a)
and an anisotropic cylinder (b). In classical elasticity, a straight line
through the origin is obtained (dashed line). In micropolar elastic-
ity, part of the torsional rigidity ðJð2ÞÞ is associated with the couple
stresses mzz; this additional contribution results in a plot which
does not start at the origin and is non-linear for small diameters.
Accordingly, a signiﬁcant size effect can be noticed in terms of glo-
bal rigidity J, both for isotropic and orthotropic cylinders. In Fig. 14,
3-D plots of the warping functionW (which vanishes for an isotro-
pic cylinder) and the distribution of shear and couple stresses
across the cylinder section are also shown.5. Concluding remarks and future perspectives
The solution of two linear elastic problems for anisotropic
micropolar solids has been formulated and numerically solved.
Use was made of the commercial code MatlabTM, which solves
boundary value problems for systems of differential equations
using ﬁnite differences. First, the case of a hollow cylinder sub-
jected to radial pressure was analyzed. A sensitivity analysis for
this problem showed that the solution is very similar to that of a
Cauchy solid with comparable equivalent elastic properties as far
as the radial and hoop force stresses are concerned. Signiﬁcant cou-
ple stresses, however, exist in the cylinder, thus making the in-
plane shear stresses non-symmetric; these couple stresses may
be conﬁned in a boundary layer if the material internal length is
small, or can be spread across the entire cylinder thickness if the
material internal length is greater. Then, a solid cylinder subjected
to torques on its end bases was considered. The shear stresses act-
ing on any section of the cylinder can be sensibly different from
those computed according to the Cauchy model, and can underes-
timate or overestimate those in the non-polar solid for a given
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Fig. 14. Torsional rigidity divided by diameter squared versus diameter squared: orthotropic micropolar material.
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sional rigidity: similarly to the results obtained e.g. by Park and
Lakes (1987) for isotropic cylinders, it was shown that cylinders
constituted by orthotropic micropolar materials exhibit a greater
rigidity compared with Cauchy materials.Both problems analyzed here are special cases of the Almansi–
Michell’s problem dealt with by Iesan (1978, 2008) for micropolar
anisotropic inhomogeneous elastic rods of arbitrary shape, solving
four auxiliary generalized plane strain problems. The numerical
approach proposed in this paper results simple and immediate,
3962 A. Taliercio, D. Veber / International Journal of Solids and Structures 46 (2009) 3948–3963and it is functional to the analysis of some physical aspects of the
response of orthotropic micropolar solids, such as the evaluation of
the warping function, or the analysis of the size effects associated
with the material internal length.
Further developments of this research will address the determi-
nation of the ‘optimal’ orientations of the material symmetry axes,
whichmaximize (or minimize) the elastic stiffness of the solid. This
problem can be of interest in the optimal design of solids endowed
with a microstructure, for which the micropolar model can bemore
appropriate than the classical Cauchymodel. Some indications have
already been obtained in the case of a cylinder in torsion (Fig. 13):
the complexity of the Cosserat optimization problem in comparison
to classical materials is enhanced by the presence of non-collinear
micropolar elasticity tensors. Indeed, if the symmetry axes of the
two elastic micropolar tensors are not collinear, the orientations
at which the extrema for the torsional rigidity are attained are
found to differ from the radial and tangential directions.
Also, asymptotic solutions will be sought for the two problems
addressed here, as closed-form solutions might be obtained for
hollow cylinders of radius much larger than their thickness. In par-
ticular, the asymptotic solution for a thin cylinder under torsion
would also apply to thin layers subjected to antiplane shear.
Finally, similarly to the analyses carried out by Park and Lakes
(1987) or Anderson and Lakes (1994), it would be interesting to
analyze the sensitivity of the rigidity of a twisted cylinder to the
different elastic constants that characterize the behaviour of aniso-
tropic micropolar materials.Acknowledgments
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sented in the paper.Appendix A. Explicit expression of the solving ODE system
The system of ODE’s that solve the problem formulated in Sec-
tion 2.2 (Eqs. (11), (14) and (15)) can be cast in the matrix form:
a1
d2Y1ðrÞ
dr2
r2 þ a1 þ b1ðrÞ
  dY1ðrÞ
dr
r þ c1ðrÞY1ðrÞ ¼ 0; ð40Þ
a2
d2Y2ðrÞ
dr2
r2 þ a2 þ b2
  dY2ðrÞ
dr
r þ c2ðrÞY2ðrÞ þ dðrÞ ¼ 0; ð41Þ
where Y1 ¼ ½u; v;/T ;Y2 ¼ ½U;HT , and
a1 ¼
A11 A14 0
A14 A44 0
0 0 B99
264
375; a2 ¼ B11 B14
B14 B44
 	
; ð42Þ
b1ðrÞ ¼
0 ðA15 þ A24Þ ðA14 þ A15Þr
A15 þ A24 0 ðA44 þ A45Þr
ðA14  A15Þr ðA44  A45Þr 0
264
375;
b2 ¼ ðB15 þ B24Þ
0 1
1 0
 	
; ð43Þ
c1 ¼
A22 A25 ðA14 þ A15 þ A24  A25Þr
A25 A55 ðA44 þ A55Þr
ðA24  A25Þr ðA45 þ A55Þr ðA44 þ 2A45  A55Þr2
264
375;
ð44Þc2 ¼
 B22 þ A66  2A67 þ A77
 
r2
 
B25 þ ðA78  A68Þr2
symm: ðB55 þ A88r2Þ
" #
; ð45Þ
d ¼ r B13  B23 þ ðA

67  A77Þr2
B34 þ B35 þ A78r2
" #
: ð46Þ
The starred coefﬁcients are deﬁned as
Aij ¼ Aij 
Ai9A9j
A99
; i; j ¼ 6;7;8: ð47Þ
Note that a1; a2 are constant, symmetric, positive deﬁnite
matrices.
In matrix form, the non-identically fulﬁlled boundary condi-
tions (12) can be expressed through two sets of equations, sepa-
rately involving the unknown vector functions Y1 and Y2. The
b.c.s involving rrr ;rrh and mrz give
a1
dY1ðRiÞ
dr
þ e1ðRiÞY1ðRiÞ ¼ f 1i; a1 dY1ðReÞdr þ e1ðReÞY1ðReÞ ¼ f 1e;
ð48Þ
where
e1ðrÞ ¼ 1r
A12 A15 ðA14 þ A15Þr
A24 A45 ðA44 þ A45Þr
0 0 0
264
375; f 1i ¼ pi 10
0
264
375;
f 1e ¼ pe
1
0
0
264
375: ð49Þ
Similarly, the b.c.s involving mrr and mrh give
a2
dY2ðRiÞ
dr
þ e2ðRiÞY2ðRiÞ ¼ f 2; a2 dY2ðReÞdr þ e2ðReÞY2ðReÞ ¼ f 2;
ð50Þ
where
e2ðrÞ ¼ 1r
B12 B15
B24 B45
 	
; f 2 ¼ 
B13
B34
 	
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